We perform both lattice dynamics analysis and molecular dynamics simulations to demonstrate the existence of topologically protected phonon modes in two-dimensional, monolayer hexagonal boron nitride and silicon carbide sheets. The topological phonon modes are found to be localized at an in-plane interface that divides these systems into two regions of distinct valley Chern numbers.
I. INTRODUCTION
Over the past decade, there has been significant interest in a new state of matter, called topological insulators (TIs), whose behavior depends on its topology, rather than its geometry. The distinguishing feature of TIs is that conducting edge or surface states are topologically protected, 1-3 where the TI is an insulator in the bulk while simultaneously allowing wave propagation along its boundary. While the study of TIs originated in quantum electronic systems 2,4-7 , the concept of topological protection has been extended to analyze other physical properties using classical principles. For instance, topologically protected edge states in photonic crystals can be discussed in analogy with the quantum Hall edge states, [8] [9] [10] and the interaction between photons and phonons can produce a Chern insulator of different topological phases.
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Recently, researchers have found that the topological nature of mechanical systems can also be investigated using analogs from electronic TIs. Efforts to control and guide phononic wave energy has led to various studies on phononic TIs based on the quantum hall effect 12-20 , quantum spin hall effect [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] , and quantum valley hall effect 31, [33] [34] [35] . Other researchers have focused on investigating topological aspects of phonon modes. [36] [37] [38] [39] Topologically protected elastic waves have also been observed in metamaterials or designed lattice models.
20,21,40-43
The topological concept was used to analyze zero-energy edge modes ('floppy modes') in lattice models, 44-46 dynamic edge modes in biological or mechanical systems, [47] [48] [49] topological modes localized at dislocations in mechanical metamaterials, 50, 51 and the selective buckling via the states of self-stress analogous to topological quantum states in the two-and threedimensional metamaterials built out of stacked kagome lattice models. 52 Mechanical lattice models can also display topologically protected zero-energy phonon modes, which are analogs of massless fermion states of topological Weyl or nodal semimetals.
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However, much of the above research on topological phonons and phononic TIs has focused on either discrete lattice models or macroscale structures, while very few works have considered topological phonons in nanomaterials. This is in contrast to various works that have investigated topologically protected electronic and spin conduction in nanomaterials, such as the valley-contrasting topological transport in graphene, 56 the spontaneous quantum
Hall states in chirally stacked few-layer graphene systems, 57 and the electronic edge modes and the topological transitions in bilayer graphene.
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In this paper, we demonstrate topologically protected phonon transport in twodimensional nanomaterials, monolayer hexagonal boron nitride (h-BN) and silicon carbide (SiC). We study, using lattice dynamics analysis and classical molecular dynamics (MD)
simulations, a specific set of phonon modes in h-BN and SiC, i.e., the topological phonon modes, which can be localized at an in-plane interface connecting topologically trivial and The present paper is organized as follows. In Sec. II, we present some details for the phonon analysis and MD simulation. Section III is devoted to the phonon analysis for h-BN and SiC, while topological discussions are presented in Sec. IV. MD simulation results are presented in Sec. V. The paper ends with a brief summary in Sec. VI.
II. COMPUTATIONAL DETAILS
We investigate the phonon dispersion of three different 2D materials: graphene, h-BN, and
SiC. Graphene is considered to illustrate the phonon dispersion when inversion symmetry exists in a 2D material with a hexagonal lattice structure. The carbon-carbon interactions in graphene were described by the Brenner potential. 59 The interatomic interactions in h-BN are described by the Tersoff potential, 60 while the interatomic interactions in SiC are also described by the Tersoff potential.
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The phonon dispersion and eigenvectors were computed using the package GULP, 62 in which the dynamical matrix is calculated to compute the phonon dispersion,
where R l 1 l 2 is the lattice vector, and m s is the mass for the atom s in the unit cell. Usually, the summation over lattice sites (l 1 , l 2 ) can be truncated to the summation over neighboring atoms in case of short-range interactions. The force constant matrix is
with V as the atomic interaction. For the phonon mode τ at the wave vector k, the phonon dispersion ω (τ )2 ( k) and eigenvectors ξ (τ ′ ) were computed from the eigenvalue solution of the dynamical matrix,
For MD simulations, the standard Newton equations of motion are integrated in time using the velocity Verlet algorithm with a time step of 1 fs. Simulations are performed using the publicly available simulation code LAMMPS 63 , while the OVITO package is used for visualization 64 .
III. PHONON DISPERSION ANALYSIS

A. Phonon dispersion for h-BN
Graphene has a honeycomb lattice structure of D 6h symmetry as shown in Fig. 1 (a) .
The primitive unit cell is denoted by two basis vectors a 1 = aê x and a 2 = a(
2ê y ), with a = 1.42Å as the lattice constant. The x-axis is in the horizontal direction, while the y-axis is in the vertical direction. The two (carbon) atoms in the primitive unit cell are the same, so inversion symmetry exists in this structure. Fig. 1 (b) shows the reciprocal space, which is also a hexagonal lattice structure, with two basis vectors b 1 = b( sponding to the two atoms in the primitive unit cell, i.e., the z-directional acoustic (ZA), the transverse acoustic (TA), the longitudinal acoustic (LA), the z-directional optical (ZO), the transverse optical (TO), and the longitudinal optical (LO) branches. There are two Dirac-like dispersions (depicted by red and blue circles) at the K point, which are both gapless. In other words, the phonon modes at these two frequencies are degenerate, resulting from the inversion symmetry of the two carbon atoms in the primitive unit cell for graphene. with frequency in this gap cannot be transported in h-BN. However, if an interface phonon branch crossing over the frequency gap can be generated, then these interface modes will be topologically protected against different backscattering mechanisms.
B. Phonon dispersion for SiC
SiC has a honeycomb lattice structure of D 3h symmetry as shown in Fig and 221.9 cm −1 for these two frequency gaps, both of which are larger than the frequency gap in the h-BN. This is because the frequency gap is proportional to the mass difference of the two atoms in the primitive unit cell, and the mass difference between Si and C atoms in SiC is much larger than the B and N atoms in h-BN. 
IV. TOPOLOGICAL ANALYSIS A. Topological analysis for h-BN
We further show in Fig. 3 the Berry curvature of the phonon modes at the lower boundary of the frequency gap. The Berry curvature for the phonon mode indexed by τ at the wave vector k is calculated by
where D is the dynamical matrix. ω τ and |τ are the frequency and the polarization vector of the phonon mode τ , respectively. Fig. 3 (a) is the Berry curvature for the lower boundary phonons of the frequency gap in the h-BN sheet, which is localized at the K and K ′ points in the first Brillouin zone. Fig. 3 (b) is the Berry curvature for the lower boundary phonons of the frequency gap in the h-NB (i.e., B and N atoms are exchanged as compared with h-BN), which has opposite sign as compared with h-BN in Fig. 3 (a) . The valley Chern number is computed by integrating the Berry curvature over a small region near the K and K ′ points as, The h-BN lattice structure shown in Fig. 4 (c) has the same size of that in Fig. 4 (a) .
The width of the interface is just one column of atoms thicker than the topological interface shown in Fig. 4 (a) . As a result of this difference, the left and right areas around the interface have the same topology (see left top and right bottom insets). We will thus refer to this interface as the trivial interface. There is no phonon branch crossing over the frequency gap
[1123, 1278] cm −1 in the phonon dispersion for this trivial interface shown in Fig. 4 (d) .
B. Topological analysis for SiC
We now discuss the topological properties of the phonon modes in SiC. We examine the configuration details for the C-C interface in Fig. 6 . The C-C interface is in the middle of the lattice and along the a 2 direction in Fig. 6 (a) . The structure is denoted by n 1 a 1 × n 2 a 2 . The structure shown in the figure has the size 16 a 1 × 16 a 2 . The carbon atom is much smaller than the silicon atom, so the C-C bond length is considerably shorter than the Si-C bond. Fig. 6 (b) shows the distribution of the bond length along the x-direction, where the C-C bond length is about 1.462Å. Furthermore, due to the large difference between the C-C and Si-C bonds, there are obvious distortions for the Si-C bond length close to the interface. First-principles calculations have predicted a stable planar structure for the SiC in the two-dimensional configuration, 69 and the stability of the twodimensional Si x C 1−x monolayers (including various interfaces) with 0 ≤ x ≤ 1 has been investigated by first-principles calculations.
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We now demonstrate the generation of the topological phonon branch that crosses over the frequency gaps for SiC. Fig. 7 (a) displays the phonon dispersion for the SiC ribbon .8] cm −1 , which is probably because of the large difference between the strength of the C-C and the Si-C bonds. As discussed above, the C-C bond is much shorter than the Si-C bond, which indicates that the C-C bond is much stronger than the Si-C bond. The vibration of the interface phonon mainly involves the vibration of the C-C bond, so its frequency is much higher than the vibration of the Si-C bond; i.e., the interface phonon branch with in-plane vibrations is out of the high-frequency range of the SiC. However, the C-C and Si-C bonds have similar chemical properties in the out-of-plane direction, due to the constraint of the honeycomb lattice structure. As a result, the interface phonon with out-of-plane vibrations can cross over the lower-frequency gap. Fig. 7 (b) illustrates the eigenvector for the interface phonon with frequency ω = 325.8 cm −1 at k 2 = 0 point. Only atoms at the interface are involved in this eigenvector, so the interface phonon is a kind of localized mode. Fig. 7 (c) clearly displays the exponential decay of the vibrational component away from the interface, which is a characteristic property of the localized mode. It should be noted that the localization here is with respective to the x-direction (or a 1 direction). The interface phonon has nonzero group velocity as can be seen from Fig. 7 (a) , so the interface phonon can travel along the interface ( a 2 direction). 
V. MOLECULAR DYNAMICS SIMULATIONS
In macroscopic systems, elastic waves are generated and detected along the topological interface. In contrast, for nanomaterials, the vibration energy transport can be simulated by molecular dynamics (MD) simulations. We thus perform MD simulations in this section to theoretically illustrate some transport properties for the topological phonons. In practice, there are several available approaches to actuate the topological phonons at a specific frequency, like optical methods or neutron scattering approaches. The optical approach is suitable for phonons at the Γ point with zero wave vector for the topological phonon branch.
The topological phonons are localized interface modes with low symmetry, so they are both
Raman and infra-red active modes. Hence, the topological phonons can be readily excited by the optical approaches. The neutron scattering method is able to excite phonons of high frequency and at arbitrary wave vector in the Brillouin zone. The topological phonons may be investigated experimentally by these approaches.
A. MD simulations for h-BN
From the above, we have observed the topological phonon branch crossing over the frequency gap [1123, 1278] cm −1 for the topological interface in monolayer h-BN. Therefore, this topological phonon mode will be protected by the frequency gap due to the energy conservation law. As a result, vibrational energy carried by the topological phonon mode will be highly stable and localized at the interface. To verify the stability and localization properties of the interface phonon mode, we performed MD simulations to study the energy transfer along the topologically trivial and non-trivial interfaces shown in Fig. 4 for monolayer h-BN.
We first simulate the energy transfer along the zigzag shaped topological interface shown in Fig. 8 , where the h-BN is divided into two areas of different topology. As a result, the zigzag interface corresponds to the topological interface shown in Fig. 4 (a) . The atom in the center of the interface is driven to oscillate along the interface direction at a given frequency ω = 1250 cm −1 for 30 cycles, after which the system is allowed to evolve within the NVE (i.e., the particles number N, the volume V, and the energy E of the system are constant)
ensemble. In these MD simulations, the topological phonons can be directly actuated at a chosen frequency. The resultant distribution of the kinetic energy in the h-BN is shown in Fig. 8 (a) . Two energy pulses, traveling in opposite directions, are generated. Figs. 8 (b) and (c) illustrate a stable transfer of the kinetic energy along the interface. There is almost no energy loss during the energy transfer, even at the sharp corners of the zigzag interface, and about 99.8% of the kinetic energy propagates around the sharp corner.
To further demonstrate the stability of the energy localized at the topological interface, we simulate the kinetic energy localized within a closed parallelogram shaped interface. In Fig. 9 (a), two energy pulses are created, which are moving in opposite directions. Both energy pulses travel along the topological interface and these two energy pulses will scatter after about 4.7 ps. The scattering of these two energy pulses results in an obvious signal in the kinetic energy as shown in Fig. 9 (c) , which is the time history for the total kinetic energy for the whole closed interface area. Fig. 9 (c) shows four obvious scatterings between the two moving energy pulses, after which the pulses are divided into many smaller energy pulses. There is almost no energy loss for the kinetic energy of the interface, even after a long simulation time of 1000 ps. Fig. 9 (b) shows that the kinetic energy is still mainly localized at the interface after 1000 ps.
In contrast to the topological interface, Fig. 10 shows that there is almost no energy transfer along the zigzag shaped trivial interface, where the h-BN is divided into two areas of the same topology. The middle atom at the interface is driven to oscillate along the interface direction at a given frequency ω = 1250 cm −1 for 30 cycles, and Fig. 10 (a) shows the resultant distribution of the kinetic energy, which clearly cannot be transferred along the trivial interface. The kinetic energy localized around the driving region will be dissipated into the regions surrounding the interface because this frequency is not topologically protected as shown in Fig. 10 (b) .
B. MD simulations for SiC The time t is in ps.
From the above, we have observed the topological phonon branch crossing over the frequency gap [126.7, 348.6] cm −1 for the C-C interface in monolayer SiC. As a result, vibrational energy carried by the topological phonon mode will be highly stable and localized at the interface. To verify the stability and localization properties of the interface phonon mode, we performed MD simulations to study the energy transfer along the C-C interface.
We created a SiC sheet of size 200 a 1 × 20 a 2 as shown in Fig. 11 (a) . The C-C interface is along the horizontal direction in the middle of the SiC sheet. Waves with specified frequency were generated at the left end of the interface by driving one atom to oscillate at the given frequency for 30 cycles, which is modulated by the Hanning window. The oscillation of this atom is driven in the z-direction only, as we are only interested in the interface phonon branch crossing over the lower-frequency gap that corresponds to the z-directional vibration.
Some MD snapshots are presented in Fig. 11 for the energy transfer along the C-C interface of the SiC. In Fig. 11 (a) , the vibrational energy excited at frequency ω = 300 cm −1
(which is within the interface branch crossing over the lower-frequency gap) travels along the interface from left to right. Note that we have combined two snapshots at different time in the figure. The velocity of the wave packet from the MD simulation is 20.5Å/ps, which is almost the same as the group velocity of 21.5Å/ps for the interface phonon with frequency ω = 300 cm −1 . In Fig. 11 (b) , the vibrational energy excited at frequency ω = 100 cm
is a normal phonon mode, which falls outside of the interface phonon branch crossing over the lower-frequency range. This normal mode is spatially extended and can travel in the space. Fig. 11 (c) shows that it is rather difficult to inject energy into the SiC by vibrating at frequency ω = 700 cm −1 , which is outside the eigenfrequency range of the z-directional vibration in the SiC.
VI. CONCLUSION
In conclusion, we have demonstrated the existence of topologically protected interfacial phonon modes in a monolayer, two-dimensional h-BN and SiC sheets. The phonon dispersion of the topological interface mode crosses over the frequency gap corresponding to the in-plane vibration for h-BN, which is opened by breaking the inversion symmetry of the primitive unit cell for h-BN. In SiC, the topological interface mode exists in the frequency gap corresonding to the out-of-plane vibrations, but there is no topological phonon branch crossing over the frequency for the in-plane vibrations, because of the strong breaking of the inversion symmetry in SiC. The topological interface mode is isolated from the other phonon modes by the energy conservation law of the phonon scattering mechanism, which leads to the energy associated with the topological interface mode being highly localized at the interface both spatially and temporally, while being insensitive to defects such as sharp corners. These results demonstrate the possibilities of novel physical phenomena that may emerge in two-dimensional topological nanomechanics.
